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First the second-order perturbations of nonzero-Λ cosmological models are derived explicitly with
an arbitrary potential function of spatial coordinates, using the nonlinear version of Lifshitz’s method
in the synchronous gauge. Their expression is the generalization (to the nonzero-Λ case) of second-
order perturbations in the Einstein-de Sitter model which were derived previously by the present
author. Next the second-order temperature anisotropies of Cosmic Microwave Background radia-
tion are derived using the gauge-invariant formula which was given by Mollerach and Matarrese.
Moreover the corresponding perturbations in the Poisson gauge are derived using the second-order
gauge transformations formulated by Bruni et al. In the second-order it is found in spite of gauges
that tensor (gravitational-wave) perturbations and vector (shear) perturbations without vorticity
are induced from the first-order scalar perturbations. These results will be useful to analyze the
nonlinear effect of local inhomogeneities on Cosmic Microwave Background anisotropies.
PACS numbers: 98.80.-k, 98.70.Vc, 04.25.Nx
I. INTRODUCTION
The anisotropies of the Cosmic Microwave Background radiation (CMB) gives us an important information of
the structure of our universe. So far the relation of CMB anisotropies to inhomogeneities along light paths has
been analyzed using the linear theory of gravitational instability. Recently the measurements of the anisotropies
has however become more and more precise, so that we can catch some information related to nonlinear effect
of inhomogeneities such as in the form of non-gaussianity [1].
The general-relativistic second-order nonlinear theory of gravitational instability was studied previously by
the present author [2, 3], in connection with structure formation, by extending Lifshitz’s linear theory[4] to
the second-order smallness. They were restricted to the vanishing Λ model (Einstein-de Sitter model) and
the treatment in the synchronous gauge. Recently the nonlinear gauge transformations and the condition of
second-order gauge-invariantness have been studied by Bruni et al.[5] and the second-order tranformation from
the synchronous gauge to the Poisson gauge has been performed by Matarrese et al.[6], and the second-order
temperature anisotropy of CMB radiation has been derived by Mollerach and Matarrese [7]. The second-order
theory has, moreover, been extended to useful cases [8, 9, 10, 11] of nonzero-Λ and non-vanishing pressure, to
analyze non-gaussianity in the CMB anisotropies.
In this paper we will derive the second-order perturbations corresponding to the first-order scalar pertur-
bations, in the nonzero-Λ and pressureless case using the synchronous gauge, in which the perturbations are
expressed explicitly with an arbitrary potential function (F ) of spatial coordinates, similarly to our previous
work [2].
Next we represent the second-order CMB anisotropies (δ2 T/T ) using the derived metric perturbations in
the synchronous gauge. The CMB anisotropies, which was derived by Mollerach and Matarrese[7] in arbitrary
gauges, are gauge-invariant, so that our expressions will be useful in the same way as those in the other gauges.
Lastly we derive the second-order perturbations in the Poisson gauge from those in the synchronous gauge,
using the nonlinear gauge transformation exploited by Bruni et al.[5] and Matarrese et al.[6] The latter gauge
may be familiar and comprehensive, because the line-element in the Poisson gauge is similar to that in the
Newtonian and Post-Newtonian approximation [12].
It is found that, in the second-order, tensor (gravitational-wave) perturbations and vector (shear) perturba-
tions without vorticity are induced from the first-order scalar perturbations.
In Appendix A the derivation of basic equations in the extended version of Lifshitz theory is reviewed.
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2II. SECOND-ORDER PERTURBATIONS IN THE SYNCHRONOUS GAUGE
First our background universe is assumed to be described by isotropic and homogeneous pressureless cosmo-
logical models which are spatially flat, and their spacetimes are expressed by the line-element
ds2 = gµνdx
µdxν = a2(η)[−dη2 + δijdx
idxj ], (2.1)
where the Greek and Latin letters denote 0, 1, 2, 3 and 1, 2, 3, respectively, contrary to the notation in the
previous paper [2], and δij(= δ
i
j = δ
ij) are the Kronecker delta. The conformal time η(= x0) is related to the
cosmic time t by dt = a(η)dη.
In the comoving coordinates, the velocity vector and the energy-momentum tensor of the pressureless matter
are expressed as
u0 = 1/a, ui = 0 (2.2)
and
T 00 = −ρ, T
0
i = 0, T
j
i = 0, (2.3)
where ρ is the matter density. From the Einstein equations, the equations for ρ and the scale factor a are
obtained :
ρa2 = 3(a′/a)2 − Λa2, (2.4)
and
ρa3 = ρ0, (2.5)
where a prime denotes ∂/∂η, Λ is the cosmological constant, and ρ0 is an integration constant.
Next we consider first-order perturbations of the scalar type. The perturbations of metric, matter density
and velocity are represented by δ1 gµν(≡ hµν), δ1 ρ, and δ1 u
µ.
When we adopt the synchronous coordinates, the metric perturbations satisfy the condition
h00 = 0 and h0i = 0. (2.6)
The scalar-type solutions of the perturbed Einstein equations are classified into the growing case and the
decaying case, and the remaining components are expressed in both cases as follows:
(1) the growing case
hji = δ
j
iF + P (η)F
|j
|i ,
δ
1
u0 = 0, δ
1
ui = 0,
δ
1
ρ/ρ =
1
ρa2
(a′
a
P ′ − 1
)
∆F, (2.7)
where F is an arbitrary function of spatial coordinates x1, x2 and x3, ∆ ≡ ∇2, hji = g
jlhli and P (η) satisfies
P ′′ +
2a′
a
P ′ − 1 = 0. (2.8)
Its solution is expressed as
P =
∫ η
0
dη′a−2(η′)
∫ η′
0
dη′′a2(η′′). (2.9)
The three-dimensional covariant derivatives |i are defined in the space with metric dl2 = δijdx
idxj and their
suffices are raised and lowered using δij , so that their derivatives are equal to partial derivatives, i.e. F
|j
|i = F,ij ,
where F,i ≡ ∂F/∂x
i.
3(2) the decaying case
hji = P (η)F,ij ,
δ
1
u0 = 0, δ
1
ui = 0,
δ
1
ρ/ρ =
a′/a
ρa2
P ′∆F, (2.10)
where P (η) satisfies
P ′′ +
2a′
a
P ′ = 0 (2.11)
and the solution is
P =
∫ η
0
dη′a−2(η′). (2.12)
These first-order density perturbations are consistent with the gauge-invariant variable ǫm (defined by
Bardeen[14]), which is described by the equation
ǫm
′′ +
a′
a
ǫm
′ −
1
2
ρa2ǫm = 0 (2.13)
in the pressureless case without anisotropic stresses and entropy perturbations. In fact δ1 ρ/ρ in Eqs.(2.7) and
(2.10) satisfy Eq. (2.13) for P in Eqs.(2.9) and (2.12). In both cases, the potential function F is determined by
the last equation of Eq.(2.7) or Eq.(2.10) which is regarded as the cosmological Poisson equation, if the spatial
distributions of δ1 ρ/ρ are given at a specified epoch.
Now let us derive the second-order perturbations δ2 gµν(≡ ℓµν), δ2 ρ, and δ2 u
µ, where the total perturbations
are
δgµν = hµν + ℓµν ,
δuµ = δ
1
uµ + δ
2
uµ,
δρ/ρ = δ
1
ρ/ρ+ δ
2
ρ/ρ. (2.14)
Here from the synchronous gauge condition, we have
ℓ00 = 0 and ℓ0i = 0. (2.15)
Then, by solving the equations (A16) and (A17) for ℓij which are derived from the perturbed Einstein equations
in Appendix A, we obtain the following expressions of δ2 gµν(≡ ℓµν) and using Eqs. (A17) and (A18) we obtain
δ2 ρ and δ2 u
µ.
(1) the growing case
The metric perturbations reduce to
ℓji = P (η)L
j
i + P
2(η)M ji +Q(η)N
|j
|i + C
j
i , (2.16)
where N
|j
|i = δ
jlN|li = N,ij and Q(η) satisfies
Q′′ +
2a′
a
Q′ = P −
5
2
(P ′)2 (2.17)
and the solution is expressed as
Q =
∫ η
0
dη′a−2(η′)
∫ η′
0
dη′′a2(η′′)
[
P (η′′)−
5
2
(P ′(η′′))2
]
. (2.18)
In the case Λ = 0, we have P − (5/2)(P ′)2 = 0 because of a ∝ η2 and P = η2/10, so that Q vanishes. The
functions Lji and M
j
i are defined by
Lji =
1
2
[
−3F,iF,j − 2F · F,ij +
1
2
δijF,lF,l
]
,
4M ji =
1
28
{
19F,ilF,jl − 12F,ij∆F − 3δij
[
F,klF,kl − (∆F )
2
]}
(2.19)
and N is defined by
∆N =
1
28
[
(∆F )2 − F,klF,kl
]
. (2.20)
The velocity and density perturbations are found to be
δ
2
u0 = 0, δ
2
ui = 0 (2.21)
and
δ
2
ρ/ρ =
1
2ρa2
{1
2
(1−
a′
a
P ′)(3F,lF,l + 8F∆F ) +
1
2
P [(∆F )2 + F,klF,kl]
+
1
4
[
(P ′)2 −
2
7
a′
a
Q′
]
[(∆F )2 − F,klF,kl]−
1
7
a′
a
PP ′[4F,klF,kl + 3(∆F )
2]
}
. (2.22)
The last term Cli satisfies the wave equation
✷Cji =
3
14
(P/a)2Gji +
1
7
[
P −
5
2
(P ′)2
]
G˜ji , (2.23)
where the operator ✷ is defined by
✷φ ≡ gµνφ;µν = −a
−2
(
∂2/∂η2 +
2a′
a
∂/∂η −∆
)
φ (2.24)
for an arbitrary function φ by use of the four-dimensional covariant derivative ;, and Gji and G˜
j
i are expressed
as
Gji ≡ ∆(F,ij∆F − F,ilF,jl) + (F,ijF,kl − F,ikF,jl),kl −
1
2
δij∆[(∆F )
2 − F,klF,kl],
G˜ji ≡ F,ij∆F − F,ilF,jl −
1
4
δij [(∆F )
2 − F,klF,kl]− 7N,ij. (2.25)
These functions satisfy the traceless and transverse relations
Gll = 0, G
l
i,l = 0,
G˜ll = 0, G˜
l
i,l = 0, (2.26)
so that Cji also satifies
Cll = 0, C
l
i,l = 0. (2.27)
This means that Cji represents the second-order gravitational radiation emitted by first-order density pertur-
bations. The solution of the above inhomogeneous wave equation (Eq.(2.23)) can be represented in an explicit
form using the retarded Green function for the operator ✷ [2, 16, 17].
(2) the decaying case
The metric perturbations are
ℓji =
1
4
P 2(η)
{
2F,ilF,jl −∆F · F,ij +
1
4
δij [(∆F )
2 − F,klF,kl]
}
+ Cji , (2.28)
where P (η) in this case is given by Eq.(2.12). The last term Cji is described by the wave equation
✷Cji = −
1
8
(P/a)2Gji , (2.29)
where Gji satisfies Eq.(2.25).
5The velocity and density perturbations are
δ
2
u0 = 0, δ
2
ui = 0 (2.30)
and
δ
2
ρ/ρ =
1
8ρa2
P ′
{
P ′[(∆F )2 − F,klF,kl]−
a′
a
P [(∆F )2 + 3F,klF,kl]
}
. (2.31)
Here δ2 ρ/ρ is the matter density perturbations observed by comoving observers and C
j
i represents the gravita-
tional radiation emitted by the first-order density perturbations.
By the way we consider the rotational velocity ωα and the corresponding scalar quantity ω defined by
ωα ≡
1
2
ηαβµνuβuµ,ν and ω ≡ (ω
αωα)
1/2. (2.32)
In the above perturbations, it is clear that ωα vanishes, because δ1 u
µ = δ2 u
µ = 0, and so ω also vanishes.
Next, for a later use we here express our solutions (in the growing case) using the notation which was employed
by Matarrese, Mollerach and Bruni [6, 7] for the gauge-invariant treatment of second-order perturbations. In
their notation our perturbations are expressed in the following form:
g00 = −a
2(η)[1 + 2ψ(1) + ψ(2)],
g0i = a
2(η)
[
z
(1)
i +
1
2
z
(2)
i
]
,
gij = a
2(η)
{
[1− 2φ(1) − φ(2)]δij + χ
(1)
ij +
1
2
χ
(2)
ij
}
, (2.33)
and
χ
(r)
ij = χ
(r)‖
ij + χ
(r)⊤
ij , (r = 1, 2), (2.34)
where ‖ and ⊤ denote the scalar and tensor perturbations, respectively, and
Dij ≡ ∂i∂j −
1
3
δij∆. (2.35)
The velocity and density perturbations are
uµ =
1
a
[
δµ0 + v
µ
(1) +
1
2
vµ(2)
]
(2.36)
and
ρ = ρ(0) + δ
(1)ρ+
1
2
δ(2)ρ. (2.37)
For our perturbations in the synchronous gauge, we have
ψ(1) = ψ(2) = z
(1)
i = z
(2)
i = 0 (2.38)
and the other components are expressed by use of our notation as
φ(1) = −h/6 = −
1
2
(F +
1
3
P∆F ),
φ(2) = −ℓ/3 = −
1
3
(PLii + P
2M ii +Q∆N),
χ
(1)‖
ij = Dijχ
(1)‖ = hji −
1
3
δji h = P
(
F,ij −
1
3
δij∆F
)
or χ(1)‖ = PF,
χ
(1)⊤
ij = 0,
1
2
χ
(2)‖
ij = ℓ
j
i −
1
3
δji ℓ = PL
j
i + P
2M ji +QN,ij −
1
3
δij(PL
k
k + P
2Mkk +Q∆N),
1
2
χ
(2)⊤
ij = C
j
i ,
vµ(1) = v
µ
(2) = 0,
δ1ρ = δ
1
ρ,
1
2
δ(2)ρ = δ
2
ρ, (2.39)
where h = hkk and ℓ = ℓ
k
k. It is interesting that χ
(2)‖
ij includes not only scalar perturbations, but also vector
(shear) perturbations (without vorticity [14]), because it does not reduce to the form of Dijχ in general.
6III. CMB ANISOTROPIES DUE TO FIRST-ORDER AND SECOND-ORDER PERTURBATIONS
In the unperturbed model universe, the observed temperature (T0) of the CMB radiation is related to the
emitted temperature (Te) at the decoupling epoch (ze) by To = Te/(1 + ze), and represented also as
To = (ωo/ωe)Te (3.1)
using the observed and emitted frequencies ωo and ωe(= (1 + ze)ωo).
In the perturbed universe, these temperatures depend on the motions of matter and observers and on light
paths passing through the inhomogeneous matter, and are expressed as
To(xo, e) = (ωo/ωe)Te(p,d) (3.2)
with ω = −gµνu
µkν , where uµ is the observer’s and emitter’s velocities, kν(= dxν/dλ) is the wave vector of
photons with affine parameter λ, (xo, e) and (p,d) are (the position vectors and directional unit vectors) of the
observer and emitter, respectively.
The wave vector kµ satisfies the perturbed null geodesic equation and its solutions to the second-order are
expressed as
kµ = kµ(0) + k
µ
(1) + k
µ
(2),
xµ = xµ(0) + x
µ
(1) + x
µ
(2), (3.3)
where xµ represents the light path and (r) denotes the r-order smallness.
The temperature at the decoupling epoch is expressed as
Te(p,d) = T
(0)
e [1 + τ(p,d)] (3.4)
and the frequencies to the second-order are
ω = ω(0)[1 + ω˜(1) + ω˜(2)]. (3.5)
Then we have
To(xo, e) = T
(0)
o [1 + δ
1
T/T + δ
2
T/T ], (3.6)
where
δ
1
T/T = ω˜(1)o − ω˜
(1)
e + τ,
δ
2
T/T = ω˜(2)o − ω˜
(2)
e + (ω˜
(1)
e )
2 − ω˜(1)o ω˜
(1)
e + (ω˜
(1)
o − ω˜
(1)
e )τ + p
(1)i∂τ/∂xi + d(1)i∂τ/∂di. (3.7)
The procedure for solving null geodesic equations in perturbed universe models was shown by Pyne and Carroll,
in which the background null rays are given by x(0)µ = (λ, (λo − λ)e
i) and k(0)µ = (1,−ei), and the baoundary
conditions at the origin are x(1)µ(λo) = x
(2)µ(λo) = 0 and k
(1)i(λo) = k
(2)i(λo) = 0. The expressions for δ1 T/T
and δ2 T/T were derived by Mollerach and Matarrese [7] in general gauges using Pyne and Carroll’s procedure
[13]. Their expressions are found to be gauge-invariant, and so the values can be calculated in a specified gauge
without loss of any generality. Here we describe them using our solutions in the synchronous gauge, under the
condition that the observers and emitters are comoving, i.e. v
(r)
o = v
(r)
e = 0.
The following temperature perturbations are derived in the synchronous gauge from equations (2.20) - (2.28)
in Mollerach and Matarrese’s paper [7]. First we have the first-order perturbations:
δ
1
T/T = τ − I1(λe), (3.8)
where
I1(λ) =
∫ λ
λo
dλ¯A(1)
′
(λ¯), (3.9)
A(1) = φ(1) −
1
2
χ
(1)
ij e
iej , (3.10)
7and ei denotes a component of the directional unit vector e. The first-order wave vectors are
k(1)0(λ) = −φ(1)o +
1
2
χ(1)ijo eiej + I1(λ) (3.11)
and
k(1)i(λ) = 2φ(1)o e
i − χ(1)ijo ej − 2φ
(1)ei + χ(1)ijej − I
i
1(λ), (3.12)
where
Ii1(λ) =
∫ λ
λo
dλ¯A(1)|i(λ¯) (3.13)
and |i = δil∂l and ej = δije
i.
The first-order light paths are
x(1)0(λ) = (λ − λo)
[
−φ(1)o +
1
2
χ(1)ijo eiej
]
+
∫ λ
λo
dλ¯(λ− λ¯)A(1)
′
(λ¯), (3.14)
x(1)i(λ) = (λ − λo)[2φ
(1)
o e
i − χ(1)ijo ej]
−
∫ λ
λo
dλ¯[2φ(1)ei − χ(1)ijej + (λ− λ¯)A
(1)|i(λ¯)]. (3.15)
The second-order wave vectors satisfy the following relation
k(2)0e − k
(2)0
o = I2(λe), (3.16)
where
I2(λ) =
∫ λ
λo
dλ¯
[1
2
A(2)
′
+ χ
(1)
ij
′
ej(k(1)i + eik(1)0) + 2k(1)0A(1)
′
+ 2φ(1)
′
A(1) + x(1)0A(1)
′′
+ x(1)iA
(1)
,i
′]
(3.17)
and
A(2) ≡ φ(2) −
1
2
χ
(2)
ij e
iej . (3.18)
The second-order temperature perturbations are
δ
2
T/T = −I2(λe) + I1(λe)
[
I1(λe)− τ − φ
(1)
o +
1
2
χ(1)ijo eiej
]
+ x(1)0e A
(1)
e
′
+ (x(1)je + x
(1)0
e e
j)τ,j +
∂τ
∂di
d(1)i, (3.19)
where
d(1)i = ei − (ei − k(1)i)/|ei − k(1)i|. (3.20)
Moreover, if we substitute our metric perturbations into the above equations, we obtain
δ
1
T/T = τ +
1
2
∫ λe
λo
dλP ′(η)F,ije
iej (3.21)
for the first-order perturbation. Since dP/dλ = P ′ and dF/dλ = −F,ie
i, Eq.(3.21) can be expressed as
δ
1
T/T = Θ1 +Θ2 (3.22)
with
Θ1 ≡ τ −
1
2
[(P ′F,i)e − (P
′F,i)o]e
i,
8Θ2 ≡
1
2
∫ λe
λo
dλP ′′(η)F,ie
i. (3.23)
The latter term Θ2 represents the first-order Sachs-Wolfe effect.
Next, we notice that Eqs.(3.11), (3.12), (3.14) and (3.15) lead to
k(1)0 + k(1)iei = −A
(1),
x(1)0 + x(1)iei = −
∫ λ
λo
dλA(1), (3.24)
and we have
∫ λe
λo
dλA(1)
′
(λ)I1(λ) =
1
2
[I1(λe)]
2. (3.25)
Then we obtain from Eq.(3.17)
I2(λe) =
1
2
[I1(λe)]
2 − (λe − λ0)A
(1)
o A
(1)
e
′
+A(1)e
′
∫ λe
λo
dλ[A(1) + (λe − λ)A
(1)′]
− A(1)o I1(λe) +
∫ λe
λo
dλ
{1
2
A(2)
′
+A(1)A(1)
′
−A(1)
′′
∫ λ
λo
dλ¯A(1)(λ¯)
}
, (3.26)
and therefore from Eq.(3.19)
δ
2
T/T = I1(λe)
[1
2
I1(λe)− τ
]
− [A(1)e
′
+ τ,ie
i]
∫ λe
λo
dλA(1)
−
∫ λe
λo
dλ
{1
2
A(2)
′
+A(1)A(1)
′
−A(1)
′′
∫ λ
λo
dλ¯A(1)(λ¯)
}
+
∂τ
∂di
d(1)i, (3.27)
where (η, xi) = (λ, λo − λ) in the integrands and
I1(λe) = −
1
2
∫ λe
λo
dλP ′F,ije
iej,
A(1) = −
1
2
PF,ije
iej ,
A(2) = −
1
2
[PLji + P
2M ji +QN,ij + C
j
i ]e
iej . (3.28)
In Eq.(3.27) the terms with path integrations represent the second-order nonlinear Integral Sachs-Wolfe effect,
which brings the observational coupling of two linearly independent inhomogeneities with different wavelengths.
As can be seen from Eq.(3.28), the induced gravitational radiation contributes to the CMB anisotropies.
IV. PERTURBATIONS IN THE POISSON GAUGE
In this section we derive the perturbations in the Poisson gauge which is defined by the condition
z
(r)|i
i = 0 and χ
(r)|j
ij = 0. (4.1)
For this purpose, we use a gauge transformation from the perturbations in the synchronous gauge to those in
Poisson gauge. The first-order gauge transformation has fully been studied by many authors (Bardeen [14],
Kodama and Sasaki [15]). The second-order gauge transformation has more recently been derived by Bruni et
al.[5] and the transformations of an arbitrary perturbed tensor T = T0 + δT
(1) + 12δT
(2) are expressed in terms
of generators ξ(1) and ξ(2) as
δT¯ (1) = δT (1) + Lξ(1)T0,
δT¯ (2) = δT (2) + 2Lξ(1)δT
(1) + L2ξ(1)T0 + Lξ(2)T0, (4.2)
9where L denotes the Lie derivative and the components of the generators are expressed as
ξ0(r) = α
(r) (4.3)
and
ξi(r) = β
(r)|i + d(r)i (4.4)
with d(r)i,i = 0.
This gauge transformation has been applied by Matarrese et al. to derive the second-order perturbations of
the Einstein-de Sitter model in the Poisson gauge from those in the synchronous gauge. Here in the similar
manner we will apply the transformation to our perturbations derived in §2.
A. First-order transformation
For the transformation of our metric perturbations from the synchronous gauge (S) to the Poisson gauge (P),
we have
ψ
(1)
P = α
′(1) +
a′
a
α(1),
α(1) = β′(1),
z
(1)
Pi = d
(1)
i
′
,
φ
(1)
P = φ
(1)
S −
1
3
∆β(1) −
a′
a
α(1),
χ
(1)‖
S + 2β
(1) = 0,
d
(1)
i = 0. (4.5)
Using Eq.(2.39) for φ
(1)
S and χ
(1)‖
S , we obtain from the above equations
α(1) = −
1
2
P ′F,
β(1) = −
1
2
PF,
ψ
(1)
P = φ
(1)
P =
1
2
(
1−
a′
a
P ′
)
F,
z
(1)
Pi = 0. (4.6)
The density and velocity perturbations satisfy the following relations:
δρ
(1)
P /ρ = −δρ
(1)
S /ρ+
ρ′
ρ
α(1),
v
(1)0
P = −
a′
a
α(1) − α′(1),
v
(1)i
P = −β
′(1)|i − d′(1)i, (4.7)
so that
δρ
(1)
P /ρ =
1
2ρa2
(a′
a
P ′ − 1
)
∆F +
1
2
a′
a
P ′F,
v
(1)0
P = −
1
2
a′
a
(a′
a
P ′ − 1
)
F,
v
(1)i
P =
1
2
P ′F,i. (4.8)
B. Second-order transformation
Similarly we use the transformations expressed as
δg
(2)
µνP = δg
(2)
µνS + 2Lξ(1)δg
(1)
µνS + L
2
ξ(1)
g(0)µν + Lξ(2)g
(0)
µν ,
10
δρ
(2)
P = δρ
(2)
S + (Lξ(2) + L
2
ξ(1)
)ρ(0) + 2Lξ(1)δρ
(1)
S ,
δuµ(2)P = δu
µ
(2)S + (Lξ(2) + L
2
ξ(1)
)uµ(0) + 2Lξ(1)δu
µ
(1)S. (4.9)
More explicit expressions for these relations are given in Eqs. (5.8) - (5.14) of Matarrese et al.’s paper [6]. By
analyzing these latter equations, we obtain the following generators
α(2) = P ′
(50
3
Θ0 +
1
2
F 2
)
+
50
3
P ′P ′′Θ0 −
100
21
(
PP ′ −
1
6
Q′
)
Ψ0,
β(2) = P
(50
3
Θ0 + F
2
)
+ (P ′)2
(25
3
Θ0 +
1
8
F 2
)
+ P 2
(
−
50
21
Ψ0 +
1
8
F,lF,l
)
+
50
63
QΨ0,
∆d
(2)
i =
[
−
200
9
Ψ0,i +
1
2
(F,lF,l),i − F,i∆F
][
P +
1
2
(P ′)2
]
, (4.10)
where
Ψ0 ≡
9
200
[F,klF,kl − (∆F )
2],
∆Θ0 ≡ Ψ0 −
3
100
F,lF,l. (4.11)
It is found from Eq.(4.10) that vector perturbations without vorticity[14] appear also in this gauge. The resulting
metric perturbations are expressed as
ψ
(2)
P =
1
4
{
4− 7
a′
a
P ′ +
[
−
a′′
a
+ 5
(a′
a
)2]
(P ′)2
}
F 2 +
1
4
P
(
1−
a′
a
P ′
)
F,lF,l
+
50
3
{
2−
6a′
a
P ′ +
[
−
2a′′
a
+ 8
(a′
a
)2]
(P ′)2
}
Θ0 −
100
21
[
(P ′)2 + P
(
1−
a′
a
P ′
)
−
1
6
(
Q′′ +
a′
a
Q′
)]
Ψ0, (4.12)
φ
(2)
P =
1
4
P ′
{a′
a
+
[
−
a′′
a
+
(a′
a
)2]
P ′
}
F 2 +
1
4
P
(
1−
a′
a
P ′
)
F,lF,l
−
100
3
a′
a
P ′
(
1−
a′
a
P ′
)
Θ0 +
{100
21
a′
a
(
PP ′ −
1
6
Q′
)
−
50
9
[
P +
1
2
(P ′)2
]}
Ψ0, (4.13)
(∆z
(2)
i )P = P
′(1 + P ′′)
[
−
200
9
Ψ0,i +
1
2
(F,lF,l),i − F,i∆F
]
, (4.14)
and
(χ
(2)‖
ij )P = 0 and
1
2
(χ
(2)⊤
ij )P = Cij , (4.15)
where we used Eq.(2.8) in the derivation of the above equations, and ‖ and ⊤ denote the scalar perturbation
and the transverse and traceless part representing induced gravitational radiation, respectively. In the limit of
Λ = 0, these generators and solutions reduce to Eqs.(6.6), (6.7) and (6.8) in the Matarrese et al.’s paper [6],
which were shown for the Einstein-de Sitter model.
The density and velocity perturbations are
(δ(2)ρ/ρ)P = −100
a′
a
P ′
(
1−
a′
a
P ′
)
Θ0 +
100
7
a′
a
(
PP ′ −
1
6
Q′
)
Ψ0 +
{
3
[(a′
a
)2
−
1
4
a′′
a
]
(P ′)2
−
3
4
a′
a
P ′(P ′′ + 2)
}
F 2 +
3
2
[
−2
a′
a
PP ′ + (1−
a′
a
P ′)/(ρa2)
]
F,lF,l
+
1
ρa2
{
−
1
2
P ′
[(a′′
a
− 5(
a′
a
)2
)
P ′ + 3
a′
a
]
+ 4
(
1−
a′
a
P ′
)}
F∆F
+
1
ρa2
{ 1
14
a′
a
Q′[(∆F )2 − F,klF,kl]−
1
2
P
(a′
a
P ′ − 1
)
F,l∆F,l
−
1
7
a′
a
PP ′[3(∆F )2 + 4F,klF,kl] +
1
2
P [(∆F )2 + F,klF,kl]
+
1
4
(P ′)2[(∆F )2 − F,klF,kl]
}
, (4.16)
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(v0(2))P = −
100
3
[
1− 3
a′
a
P ′ + 2
(a′
a
)2
(P ′)2
]
Θ0 +
100
21
[
(P ′)2 + P
(
1−
a′
a
P ′
)
+
1
6
(
Q′′ +
a′
a
Q′
)]
Ψ0 +
1
4
[
−1 +
a′
a
P ′ +
(a′′
a
− 2(
a′
a
)2
)
(P ′)2
]
F 2
+
1
4
[
(P ′)2 − P
(
1−
a′
a
P ′
)]
F,lF,l. (4.17)
(vi(2))P = −d
i
(2)P
′
−
50
3
P ′(1 + P ′′)Θ0,i +
100
21
(
PP ′ −
1
6
Q′
)
Ψ0,i
−
1
2
PP ′F,lF,li −
1
2
P ′
(
5− 3
a′
a
P ′
)
FF,i. (4.18)
In the limit of Λ = 0, these relations also are consistent with Eqs. (6.10), (6.11) and (6.12) in Matarrese et al.’s
paper [6], except for a few terms which may include some misprints with respect to (δ(2)ρ)P and (v
i
(2))P .
Now we consider the second-order rotational velocity in the Poisson gauge. The rotational velocity vector
(ω
α(r)
P ) and the corresponding scalar quantity (ω
(r)
P ) in the Poisson gauge are related to those (S) in the
synchronous gauge by Eq.(4.2) as δT¯ (r) = ω
α(r)
P , ω
(r)
P and δT
(r) = ω
α(r)
S , ω
(r)
S , respectively, for r = 1, 2. Here we
have T 0 = 0 and δT (r) = 0 for r = 1, 2, as was shown in §2. It is found therefore from these relations that ω
α(r)
P
and ω
(r)
P vanish. That is, no rotational perturbations are induced also in the Poisson gauge. However vector
(shear) perturbations without vorticity appear in the form of ∆d
(2)
i .
V. CONCLUDING REMARKS
We have studied the second-order perturbations in spatially flat, pressureless cosmological models with
nonzero cosmological constant, and could describe them explicitly using an arbitrary potential function F
of spatial coordinates. It seems however to be difficult to derive similar results in the other cases with finite
pressures.
It is found in the second-order that tensor (gravitational-wave) perturbations and vector (shear) perturbations
without vorticity are induced from the first-order scalar perturbations.
Next we have derived the second-order temperature anisotropies of CMB in terms of these perturbations.
They will be useful to analyze the nonlinear influence of local inhomogeneities (at later stages) upon observed
CMB anisotropies. Since nonlinearity brings the coupling of two linearly independent inhomogeneities with
different wavelengths, it may appear as a small directional asymmetry and some deviations from the results
which are expected in the standard linear theory.
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APPENDIX A: SECOND-ORDER PERTURBED RICCI TENSORS AND EINSTEIN EQUATIONS
We show here the expressions for perturbations of Ricci tensors to derive the perturbed Einstein equations.
For the metric perturbations δgµν = hµν + ℓµν , the contravariant metric perturbations δg
µν are derived from
the condition (gµν + δgµν)(g
νγ + δgνγ) = δγµ as
δgµν = −hµν + (hµγh
γν − ℓµν). (A1)
The perturbed Christoffel symbols are
δ
1
Γµνγ =
1
2
(hµν;γ + h
µ
γ;ν − hνγ
;µ),
δ
2
Γµνγ =
1
2
(ℓµν;γ + ℓ
µ
γ;ν − ℓνγ
;µ)−
1
2
hµλ(h
λ
ν;γ + h
λ
γ;ν − hνγ
;λ), (A2)
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where a semicolon denotes the four-dimensional covariant derivative in the unperturbed universe. From Eqs.
(A1) and (A2), we can derive the perturbed curvature tensors and Ricci tensors:
δ
1
Rµνλγ =
1
2
(hµν;γλ + h
µ
γ;νλ − hνγ
;µ
;λ − h
µ
λ;νγ − h
µ
ν;λγ + hνλ
;µ
;γ),
δ
1
Rνγ ≡ δ
1
Rµνµγ =
1
2
(hµν;γµ + h
µ
γ;νµ − hνγ
;µ
;µ − h;νγ),
δ
2
Rµνλγ =
1
2
(ℓµν;γλ + ℓ
µ
γ;νλ − ℓνγ
;µ
;λ − ℓ
µ
λ;νγ − ℓ
µ
ν;λγ + ℓνλ
;µ
;γ)
−
1
2
hµα(h
α
ν;γλ + h
α
γ;νλ − hνγ
;α
;λ − h
α
λ;νγ − h
α
ν;λγ + hνλ
;α
;γ )
+
1
4
(hµα;γ − h
µ
γ;α + hγα
;µ)(hαν;λ + h
α
λ;ν − hνλ
;α)
−
1
4
(hµα;λ − h
µ
λ;α + hαλ
;µ)(hαν;γ + h
α
γ;ν − hνγ
;α),
δ
2
Rνγ ≡ δ
2
Rµνµγ =
1
2
(ℓµν;γµ + ℓ
µ
γ;νµ − ℓνγ
;µ
;µ − ℓ;νγ)
−
1
2
hµα(h
α
ν;γµ + h
α
γ;νµ − hνγ
;α
;µ − h
α
µ;νγ)
+
1
4
(hµα;γ − h
µ
γ;α + hγα
;µ)(hαν;µ + h
α
µ;ν − hνµ
;α)
−
1
4
(2hµα;µ − h;α)(h
α
ν;γ + h
α
γ;ν − hνγ
;α). (A3)
Using the relation
Rµν + δ
1
Rµν + δ
2
Rµν = (g
µγ + δgµγ)(Rνγ + δ
1
Rνγ + δ
2
Rνγ), (A4)
we obtain the mixed components of the perturbed Ricci tensors:
δ
1
Rµν = g
µγ
δ
1
Rνγ − h
µγRνγ ,
δ
2
Rµν = g
µγ
δ
2
Rνγ − h
µγ
δ
1
Rνγ + (h
µ
λh
λγ − ℓµγ)Rνγ . (A5)
Here let us impose the synchronous gauge conditions (2.6) and (2.15) on hµν and ℓµν . Then we obtain the
following expressions for second-order perturbed Ricci tensors δ2R
µ
ν .
2a2 δ
2
Rji = Φ
j
i + (ℓ
j
i )
′′ +
2a′
a
(ℓji )
′ +
a′
a
ℓ′δji − [h
j
k(h
k
i )
′′
+ (hki )
′(hjk)
′ −
1
2
h′(hji )
′ +
a′
a
δji h
k
l (h
l
k)
′ +
2a′
a
hjk(h
k
i )
′],
2a2 δ
2
R0i = (ℓ|i)
′ − (ℓki|k)
′ + hkl [(h
l
i|k)
′ − (hlk|i)
′]
−
1
2
(hkl )
′hlk|i +
1
2
(hki )
′(2hlk|l − h|k),
2a2 δ
2
Rj0 = (ℓ
|j)′ − (ℓ
j|k
k )
′ + hkl(hjk|l)
′ − hkl (h
l|j
k )
′ −
1
2
(hkl )
′h
l|j
k
+
1
2
(hjk)
′(2h
k|l
l − h
|k) + hjk[(h
|k)′ − (h
k|l
l )
′],
2a2 δ
2
R00 = ℓ
′′ +
a′
a
ℓ′ − hkl [(h
l
k)
′′ +
a′
a
(hlk)
′]−
1
2
(hkl )
′(hlk)
′,
2a2 δ
2
R ≡ 2a2 δ
2
(R00 +R
k
k) = Φ
k
k + 2(ℓ
′′ + 3
a′
a
ℓ′)
− [2hkl (h
l
k)
′′ +
3
2
(hkl )
′(hlk)
′ −
1
2
(h′)2 +
6a′
a
hkl (h
l
k)
′], (A6)
where |i means the three-dimensional covariant derivative in the constant-curvature space with metric γij ,
h = hkk, ℓ = ℓ
k
k and Φ
j
i is defined as follows:
Φji ≡ ℓ
k|j
i |k + ℓ
j
k|i
|k
− ℓ
j|k
i |k − ℓ
|k
|k − 4Kℓ
j
i
− hkl [h
l|j
i |k + h
j
k|i
|l
− h
j|l
i k − h
l
k|i
|j
]
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− hjl [h
k|l
i |k + h
l
k|i
k
− h
l|k
i |k − h
|l
|i − 4Kh
l
i]
+
1
2
(h
k|j
l − γ
kmhjm|l + h
j|k
l )(h
l
i|k + h
l
k|i − γmkh
m|l
i )
−
1
2
(2hkl|k − k|l)(h
l|j
i + γ
lmhjm|i − h
j|l
i ), (A7)
where K (= ±1, 0) is the three-dimensional spatial curvature. In the Appendix A, we take the spatial curvature
and the pressure p into consideration.
The first-order and second-order perturbed Einstein equations are expressed as
δ
1
Rµν −
1
2
δµν δ
1
R = δ
1
T µν ,
δ
2
Rµν −
1
2
δµν δ
2
R = δ
2
T µν . (A8)
The perturbations of the energy-momentum tensor are
δ
1
T µν = δ
µ
ν δ
1
p+ gνα[u
αuµ(δ
1
p+ δ
1
ρ) + (δ
1
uαuµ + uα δ
1
uµ)(p+ ρ)]
+ hναu
αuµ(p+ ρ),
δ
2
T µν = δ
µ
ν δ
2
p+ gνα[u
αuµ(δ
2
p+ δ
2
ρ) + (δ
1
uαuµ + uα δ
1
uµ)(δ
1
p+ δ
1
ρ)
+ (δ
2
uαuµ + uα δ
2
uµ + δ
1
uα δ
1
uµ)(p+ ρ)]
+ hνα[u
αuµ(δ
1
p+ δ
1
ρ) + (δ
1
uαuµ + uα δ
1
uµ)(p+ ρ)]
+ ℓναu
αuµ(p+ ρ). (A9)
For velocity perturbations, we obtain
δ
1
u0 = 0, δ
2
u0 =
1
2a
gkl δ
1
uk δ
1
ul, (A10)
using the identity
(gµν + hµν + ℓµν)(u
µ + δ
1
uµ + δ
2
uµ)(uν + δ
1
uν + δ
2
uν) = −1 (A11)
and the synchronous gauge conditions. The components of the energy-momentum tensor are, therefore,
δ
1
T ji = δ
j
i δ
1
p, δ
1
T j0 = −a(p+ ρ) δ
1
uj, δ
1
T 00 = − δ
1
ρ, (A12)
and
δ
2
T ji = δ
j
i δ
2
p+ (p+ ρ)gik δ
1
uk δ
1
uj,
δ
2
T 0i =
1
a
gik[δ
1
uk(δ
1
p+ δ
1
ρ)] + δ
2
uk(p+ ρ) +
1
a
hik δ
1
uk(p+ ρ),
δ
2
T j0 = −a δ
1
uj(δ
1
p+ δ
1
ρ)− a δ
2
uj(p+ ρ),
δ
2
T 00 = − δ
2
ρ− (p+ ρ)gkl δ
1
uk δ
1
ul. (A13)
If we assume the equation of state p = p(ρ), then we have
δ
1
p = (dp/dρ) δ
1
ρ and δ
2
p = (dp/dρ) δ
2
ρ+
1
2
(d2p/dρ2)(δ
1
ρ)2, (A14)
so that
δ
1
T ji = −δ
j
i (dp/dρ) δ
1
T 00 ,
δ
2
T ji = −δ
j
i (dp/dρ) δ
2
T 00 +
1
2
δji (d
2p/dρ2)(δ
1
ρ)2
+ (p+ ρ)[gik δ
1
uj − δji (dp/dρ)gkl δ
1
ul] δ
1
uk. (A15)
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When the first-order quantities hji , δ1 u
i, and δ1 ρ are known, the equations for determining the second-order
metric perturbations are derived from Eqs.(A8) and (A15) as follows:
(ℓji )
′′ +
2a′
a
(ℓji )
′ +Φji = h
j
k(h
k
i )
′′ + (hki )
′(hjk)
′ −
1
2
h′(hji )
′
+
2a′
a
hjk(h
k
i )
′ + 2a2(p+ ρ)gik δ
1
uk δ
1
uj , (i 6= j), (A16)
(ℓii)
′′ +
2a′
a
(ℓii)
′ − ℓ′′ −
2a′
a
ℓ′(1 + dp/dρ) + Φii −
1
2
Φkk(1 + dp/dρ)
= hik(h
k
i )
′′ + (hki )
′(hik)
′ −
1
2
h′(hii)
′ +
2a′
a
hik(h
k
i )
′
− hlk(h
k
l )
′′ −
3
4
(hkl )
′(hlk)
′ +
1
4
(h′)2 −
2a′
a
hlk(h
k
l )
′
+ 2a2(p+ ρ)
[
gik δ
1
ui − (dp/dρ)gkl δ
1
ul
]
δ
1
uk
− (dp/dρ)[
1
4
(hkl )
′(hlk)
′ +
2a′
a
hik(h
k
i )
′ − (h′)2]
+ a2(d2p/dρ2)(δ
1
ρ)2, (A17)
where in the latter equation the index i is non-dummy but others are dummy, h = hkk, ℓ = ℓ
k
k, and Φ
j
i is defined
in Eq.(A7). Eqs.(A16) and (A17) consist of six equations, which corresponds to six independent components of
ℓji .
The second-order density and velocity perturbations can be expressed in terms of metric perturbations as
δ
2
ρ/ρ =
1
ρ
[
− δ
2
R00 +
1
2
δ
2
R− (p+ ρ)gkl δ
1
uk δ
1
ul
]
=
1
2ρa2
[2a′
a
ℓ′ −
1
4
(hkl )
′(hlk)
′ −
2a′
a
hkl (h
l
k)
′ +
1
4
(h′)2
+
1
2
Φkk − 2a
2(p+ ρ)gkl δ
1
uk δ
1
ul
]
, (A18)
a δ
2
ui = −
1
p+ ρ
[
δ
2
Ri0 + a δ
1
ui(δ
1
p+ δ
1
ρ)
]
=
1
2(p+ ρ)a2
{
(ℓ|i)′ − (ℓ
i|k
k )
′ + hkl (h
i|l
k )
′
− hkl (h
l|i
k )
′ −
1
2
(hkl )
′h
l|i
k +
1
2
(hil)
′(2h
l|k
k − h
|l)
+ hik[(h
|k)′ − (h
k|l
l )
′] + 2a3 δ
1
ui(δ
1
p+ δ
1
ρ)
}
. (A19)
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